In this paper, we compute the subgroup distortion of all finitely generated subgroups of all finitely generated 3-manifold groups, and the subgroup distortion in this case can only be linear, quadratic, exponential and double exponential. It turns out that the subgroup distortion of a subgroup of a 3-manifold group is closely related to the separability of this subgroup.
Introduction
A finitely generated group G can be considered as a metric space when we equip the group with the word metric from a finite generating set. Gromov has been successful in promoting this idea to study finitely generated groups. With different finite generating sets on G, we have different metrics on G. However, such metric spaces are unique up to the quasi-isometric equivalence. Here, a map between two metric spaces is called a quasi-isometry if it is coarsely bi-Lipschitz and coarsely surjective.
A basic goal in geometric group theory that is proposed by Gromov is to quantifies the failure of the coarsely bi-Lipschitz property (called distortion) of the inclusion H → G of a finitely generated subgroup H in a finitely generated group G. More precisely, let S and A be finite generating sets of G and H respectively. The distortion of H in G is the function ∆ G H (n) = max |h| A h ∈ H and |h| S ≤ n Up to a natural equivalence, the function ∆ G H does not depend on the choice of finite generating sets S and A.
In the 3-manifold theory, study fundamental groups of 3-manifolds is one of the most central topic, thus computing subgroup distortion in finitely generated 3-manifold groups is a natural task. In this paper, we consider the case that the group G is an arbitrary finitely generated 3-manifold group, and compute subgroup distortion of all finitely generated subgroups of G. Problem 1.1. Let M be a 3-manifold with finitely generated fundamental group, and let H be a finitely generated subgroup of π 1 (M ). What is the distortion of H in π 1 (M )? How is this coarse geometric property related to algebraic properties of H < π 1 (M )?
The answer to Problem 1.1 is relatively well-understood when the manifold is geometric. If M is a hyperbolic 3-manifold with empty or tori boundary, then any finitely generated subgroup H is either linearly distorted or exponentially distorted in π 1 (M ), by the Covering Theorem (see [Can96] ) and the Subgroup Tameness Theorem (see [Agol04] , [CG06] ). If M has a geometric structure modelled on S 3 , R 3 or S 2 × R, then H is undistorted in π 1 (M ) since π 1 (M ) is virtually abelian. Subgroup distortion of the fundamental group of a 3-manifold supporting the Nil geometry is either linear or quadratic by the work of Osin (see [Osin01] ). Our contribution is to compute the subgroup distortion of a 3-manifold M that has the geometry of Sol, H 2 × R or SL(2, R). These results are easy to prove, and may not be surprising to experts, but we can not find them in literature. Proposition 1.2 (Subgroup distortion in geometric 3-manifolds). Let M be a geometric 3-manifold with empty or tori boundary, and let H be a finitely generated subgroup of π 1 (M ). Let ∆ be the distortion of H in π 1 (M ). Then the following statement holds: (1) If the geometry of M is either S 3 , E 3 , S 2 × R, SL(2, R) or H 2 × R then ∆ is linear. (2) If the geometry of M is Nil, M is a Seifert 3-manifold. Then ∆ is quadratic if H is an infinite index subgroup that intersects with the Seifert fiber subgroup of π 1 (M ) nontrivially; otherwise ∆ is linear. (3) If the geometry of M is H 3 , then ∆ is linear if H is geometrically finite, and is exponential if H is a virtual fiber subgroup (i.e. geometrically infinite). (4) If M has the geometry of Sol, then M is a torus bundle over a 1dimensional orbifold (an interval with reflection boundary points or a circle). Then ∆ is exponential if H is an infinite subgroup of the fiber subgroup of π 1 (M ), otherwise it is linear.
When M is a non-geometric 3-manifold with empty or tori boundary, and the subgroup H is associated to an immersed π 1 -injective subsurface in M , i.e, H = f * (π 1 (S)) where f : S M is a properly immersed π 1injective surface, a complete computation of subgroup distortion is given by [HN19] and [Ngu18a] . In this case, the only possibility for the distortion is linear, quadratic, exponential and double exponential (see Theorem 1.2 in [Ngu18a] ). So far, distortion of an arbitrary finitely generated subgroup of a finitely generated 3-manifold group is unknown before the project in this paper.
In this paper, we use the previous result in [Ngu18a] as one of the key ingredients to generalize the main theorem in [Ngu18a] to arbitrary finitely generated subgroups of finitely generated 3-manifold groups. We give a complete computation to the distortion of all finitely generated subgroups of all finitely generated 3-manifold groups, answering the first question in Problem 1.1. Theorem 1.3. Let M be a 3-manifold with finitely generated fundamental group and let H < π 1 (M ) be a finitely generated subgroup. Then the distortion of H in π 1 (M ) can only be linear, quadratic, exponential and double exponential.
By some standard arguments, we first reduce to the case where M is compact, connected, orientable, irreducible and has empty or tori boundary (see the proof of Theorem 1.3). Theorem 1.3 actually follows from the following Theorem 1.4, which not only shows what kind of subgroup distortion show up, but also provides a strong connection between subgroup distortion and separability of this subgroup. Here, a subgroup H < G is called separable if it is an intersection of finite index subgroups of G. The study of subgroup separability is very important in the 3-manifold theory and it is closely related with the virtual Haken conjecture that was resolved by Agol [Agol13] . Recently, in [Sun18] , the second author generalizes the work of Liu [Liu17] and Rubinstein-Wang [RW98] to give a complete characterization on which finitely generated subgroups of finitely generated 3-manifold groups are separable. In particular, the second author introduces a notion called almost fiber surface Φ(H) of a finitely generated subgroup in a 3-manifold group H < π 1 (M ) (that is also a generalization of a notion called almost fiber part in [Liu17] ), and show that all information about separability of H can be obtained by examining the almost fibered surface (see Theorem 1.3 in [Sun18] ). The almost fiber surface Φ(H) is naturally an embedded (possibly disconnected) subsurface of M H , the covering space of M corresponding to H < π 1 (M ), and the torus decomposition of M induces a decomposition of Φ(H). Under this decomposition of Φ(H), each of its component is called a vertex piece or simply a piece of Φ(H). More detail on the almost fiber surface will be provided in Section 3, and we modify its definition a little bit so that it accommodates Theorem 1.4.
The following theorem answers the second question in Problem 1.1. It shows that the subgroup distortion of a finitely generated subgroup of a 3-manifold group is closely related to the separability of this subgroup. We note that Theorem 1.4 generalizes Theorem 1.2 in [Ngu18a] where the subgroup H = f * (π 1 (S)) for a clean surface f : S M . The strategy of the proof of Theorem 1.2 in [Ngu18a] is the following. At first, the author shows that the distortion of the surface subgroup in the 3-manifold group is determined by the almost fiber surface. Then the author computes the distortion of each component of the almost fiber surface. We prove Theorem 1.4 by following the same strategy. The distortion of components of the almost fiber surface Φ(H) follows from the work in [Ngu18a] , while showing the distortion of H in π 1 (M ) depends only on Φ(H) requires more work (see Theorem 1.5). This result is the technical heart of this paper. Theorem 1.5. Let M be a 3-manifold and let H < π 1 (M ) be a subgroup as in Theorem 1.4. Let Φ(H) be the almost fiber surface of H with connected components S 1 , · · · , S n , and let δ S i be the distortion π 1 (S i ) in π 1 (M ). Then the subgroup distortion of H in G = π 1 (M ) satisfies:
Here
The proof of Theorem 1.5 uses the same strategy as in [Ngu18a] , however the techniques are very different. Unlike as in the setting of a properly immersed π 1 -injective surface S M where a compact surface S is given, we only need to compute the distortion ofS inM . In the general setting, we need to consider the covering space M H of M corresponding to H < π 1 (M ), and then construct a Scott core K ⊂ M H with some special properties. We then compute the distortion ofK inM .
1.1. Overview. In Section 2 we review some concepts in geometric group theory. Section 3 is a review on the almost fiber surface of a finitely generated subgroup of a 3-manifold group. In Section 4, we give the proof of Theorem 1.5. In Section 5, we prove of Theorem 1.3 and Theorem 1.4.
1.2.
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Preliminaries
In this section we review some concepts in geometric group theory that will be used in this paper.
Definition 2.1. Let F be the collection of all non-decreasing functions from positive reals to positive reals. Let f and g be arbitrary elements of F. The function f is dominated by a function g, denoted by f g, if there are positive constants A, B, C, D and E such that
Two functions f and g are equivalent, denoted by f ∼ g, if f g and g f .
Remark 2.2. The relation ∼ is an equivalence relation on the set F. Let f and g be two polynomial functions with degree at least 1 in F, then it is not hard to show that they are equivalent if and only if they have the same degree. Moreover, all exponential functions of the form a bx+c , where a > 1, b > 0 are equivalent.
Definition 2.3 (Subgroup distortion). Let H < G be a pair of finitely generated groups, and let S and A be finite generating sets of G and H respectively. The distortion of H in G is the function ∆ G H (n) = max |h| A h ∈ H and |h| S ≤ n Up to equivalence, the function ∆ G H does not depend on the choice of finite generating sets S and A.
Lemma 2.4 (Proposition 9.4 [Hru10] ). Let G be a finitely generated group with a word length metric d. Suppose H and K are subgroups of G. For each constant r there is a constant r ′ = r ′ (G, d, H, K, r) so that in the metric space (G, d) we have
The superadditive closure of a function f : N → N is the function defined by the formula f (n) = max f (n 1 ) + · · · + f (n ℓ ) ℓ ≥ 1 and n 1 + · · · + n ℓ = n Lemma 2.6. Let K ′ , K and G ′ be finitely generated subgroups of a finitely generated group G such that K ′ < G ′ and
It is well known that a group acting properly, cocompactly, and isometrically on a geodesic space is quasi-isometric to the space. The following corollary of this fact allows us to compute distortion using the geometries of spaces in place of word metrics.
Corollary 2.7. Let X and Y be compact geodesic spaces, and let g : (Y, y 0 ) → (X, x 0 ) be π 1 -injective. We lift the metrics on X and Y to geodesic metrics on universal coversX andỸ respectively, with lifted mapg : (Ỹ ,ỹ 0 ) → (X,x 0 ). Let G = π 1 (X, x 0 ) and H = g * π 1 (Y, y 0 ) . Then the distortion ∆ G H is equivalent to the function
The almost fiber surface of a subgroup of a 3-manifold group
In this section, we briefly review an important notion in this paper that is called the almost fiber surface, and we will do some modification on its original definition in [Sun18] .
The almost fiber surface Φ(H) of a finitely generated subgroup H of a finitely generated 3-manifold group is introduced by the second author in [Sun18] . In [Sun18] , the author gives a complete characterization on which finitely generated subgroups of finitely generated 3-manifold groups are separable and shows that all information about separability of the subgroup can be obtained by examining the almost fiber surface. In Section 4, we will show that the distortion of the subgroup in the 3-manifold group depends only on the almost fiber surface.
To get into the definition of the almost fiber surface, we need some terminology.
Definition 3.1 (virtual fiber subgroup, partial fiber subgroup). Let M be a compact orientable irreducible 3-manifold with empty or tori boundary, and we assume that it is either a hyperbolic 3-manifold or a Seifert manifold. Let H be a finitely generated subgroup of π 1 (M ), and let M H → M be the covering space corresponding to the subgroup H.
(1 To accommodate the statement in Theorem 1.4 (3), we modify the definition of the almost fiber surface as the following.
Definition 3.4. [Modified definition of almost fiber surface] In the almost fiber surface Φ(H), it has some piece (lying in partial fiber pieces) that is homeomorphic to the annulus and parallel to the boundary of Φ(H). We delete these annulus pieces from Φ(H) to get the modified almost fiber surface, and we still denote it by Φ(H).
For each component S i ⊂ Φ(H) under the origninal definition, either the modification deletes some annuli neighborhood of some boundary components of S i , or S i is homeomorphic to a annulus (consists of one or two pieces) and we delete it from Φ(H). In the first case, it clearly does not change the fundamental group of S i , and does not change ∆ π 1 (M ) π 1 (S i ) , but it affects the statement in Theorem 1.4 (3). In the second case, the subgroup distortion ∆ π 1 (M )
4. Distortion of a finitely generated subgroup is determined by the almost fiber part
In this section we prove the technical heart of this paper: Theorem 1.5. Actually, we will prove that
holds, here f is the superadditive closure of f as in Definition 2.5. Since surface subgroups of graph of mixed 3-manifold groups can only have linear, quadratic, exponential or double exponential distortions (by [Ngu18a] ), f ∼ f holds, and Theorem 1.5 follows from the above inequality.
The proofs of the lower bound part and the upper bound part of are given in Subsection 4.3 and Subsection 4.4 respectively.
The proof will follow the same strategy as in [Ngu18a] , i.e. apply Corollary 2.7. More precisely, we first take a preferred Riemannian metric on M , and consider the covering space M H of M corresponding to H < π 1 (M ). Then we construct a Scott core K ⊂ M H (by [Sco73] , here Scott core means that K is a compact codimension-0 submanifold of M H such that the inclusion is a homotopy equivalence) with some nice property, take the universal coverM of M and take the preimage of K inM to getK ⊂M . We lift the Riemannian metric toM and take the induced path metric onM andK and denote them by dM and dK respectively. Then by Lemma 2.7, we have max {dK (x, y) | x, y ∈K and dM (x, y) ≤ n} ∼ ∆ G H . To prove Theorem 1.5, it suffices to prove that:
Some preparation.
At first, by passing to a finite cover M ′ of M , we can assume that each Seifert piece M i ⊂ M is a product F i ×S 1 , and M does not contain the twisted I-bundle over the Klein bottle (see Lemma 3.1 in [PW14] ). Then we will study the subgroup distortion of
). So it suffices to prove Theorem 1.5 for H ′ < π 1 (M ′ ), and we still denote the subgroup of the 3-manifold group by H < π 1 (M ).
Preparation
Step I: A metric on M . Since the choice of length metrics does not affect the distortion, we will choose a convenient metric on M as the following.
If M is a mixed manifold, we take a nonpositive curved Riemannian metric d on M as in [Leeb95] . In this case, each decomposition torus in M is a totally geodesic subsurface, and the restriction of d on each decomposition torus of M is a flat metric.
If M is a graph manifold, we take a Riemannian metric d (may not be nonpositive curved) on M such that each decomposition torus is a totally geodesic subsurface, and the restriction of d on such a torus is a flat metric. To construct such a metric, for each Seifert piece M i = F i × S 1 , we fix a product metric d i on M i (hyperbolic metric with geodesic boundary times the standard metric on S 1 ); for each decomposition torus T , we fix a flat metric d T on it. Then for each M i and each of its boundary torus T , we interpolate d i | T and d T on a neighborhood of T in M i , as in Proposition 2.3 of [Leeb95] . Then we paste the metrics on these pieces M i ⊂ M to a Riemannian metric on M .
The metric d on both cases (mixed manifold and graph manifold) has further properties as the following. We can take a product metric d i on each Seifert piece M i = F i × S 1 ⊂ M as above, and take a truncated hyperbolic
, we can further assume the geodesics on T under the restriction of metric d are also geodesics on T under the restriction of d i , and vice versa.
For the metric d on M and the metrics d i on pieces of M , d| M i and d i are bilipschitz to each other. By Lemma 1.8 of [Pau05] , there exists a constant κ > 1, such that for any two points x, y ∈M lying in the same pieceM i , we have
Moreover, we can also assume that for any path γ in M i ,
Here |γ| denotes the length of γ under the d-metric. Preparation
Step II: A Scott core of M H . Let M H be the covering space of M corresponding to H < π 1 (M ), then it has an induced graph of space structure. Since H is finitely generated, there exists a finite union of
) such that the following holds:
More precisely, the restriction of d on C is a geometric product S 1 × R (up to rescaling the metric on S 1 ), thus we have
. If E is a torus, then K i ∩ E = K j ∩ E = E holds and we do no further modification. If E is a cylinder or a plane, we add the convex closure of (
Let K be an ǫ-neighborhood of the above expansion of K ′ , then it is a Scott core of M H . The important features of K are:
(1) For each edge space E ⊂ M H , K ∩ E is either empty or a convex subset of E (under the restriction of both d and d i metric). (2) Since K is compact, there exists D > 0, such that for and edge space E ⊂ M H that intersects with K and any two points
Remark 4.1. Actually, for a virtual fiber or partial fiber piece M H,i ⊂ M c H , we can assume that K i is a surface cross interval. We can also assume that Φ(H) is contained in K.
4.2.
Two lemmas on metric properties of geometric pieces. To prove Theorem 1.5, we need two lemmas.
The first lemma is parallel to Lemmas 4.4 and 4.6 of [Ngu18a] , which describes the metric property of the preimage of K i ⊂ M H,i in its universal cover, in the case that M H,i is either an S 1 -bundle piece (that covers a Seifert piece of M ) or a geometrically finite piece (that covers a hyperbolic piece of M ).
Lemma 4.2. Let M H,i be an S 1 -bundle piece or a geometrically finite piece of M c H , letM i be its universal cover, and letK i be the preimage of K i iñ M i . Then there exists a constant R i depending only on M H,i and K i such that the following holds.
Let E and E ′ be two boundary components ofM i that intersect withK i , and let x, y be two points in E and E ′ respectively. Then there exists a path α inM i connecting x and y, and a path β inK i connecting some point x ′ ∈ E ∩K i and y ′ ∈ E ′ ∩K i , such that the following holds.
Proof. Let M i be the piece of M covered by M H,i . Now we consider two cases:
We recall that K i is a compact Scott core of M H,i . By our assumption, π 1 (K i ) is a geometrically finite subgroup of π 1 (M i ). We note that (M i , d i ) is a CAT (0) space. By Corollary 1.6 in [Hru10] , the orbit space π 1 (K i ) ·x 0 is quasiconvex in (M i , d i ) (in the sense that there exists a constant k such that every geodesic ofM i connecting two points of π 1 (K i ) ·x 0 lies in the k-neighborhood of π 1 (K i ) ·x 0 ). Thus, there exists a constant ǫ 0 such that
By applying Lemma 2.4 to π 1 (K i ) and the fundamental group of each torus boundary of M i , we have the following fact: For any r > 0, there exists r ′ = r ′ (r) > 0 such that wheneverT is an arbitrary boundary plane ofM with nonempty intersection withK i and x ∈ N r (T ) ∩ N r (K i ) , then x ∈ N r ′ (T ∩K i ). Here we use that K i intersects with only finitely many boundary components of M H,i .
We note that (M i , d i ) is a CAT(0) space with isolated flats. Let ǫ 1 be the positive constant given by Proposition 8 [HK09] . Let [p, q] be a geodesic of shortest length from E to E ′ . Then every geodesic from E to E ′ must intersect with the ǫ 1 -neiborhoods of both p and q.
Let α be a geodesic in
Since α is a geodesic, (2) is confirmed. We are going to establish (1) . We note that E ∩K i = ∅ and E ′ ∩K i = ∅. We choose a point in E ∩K i = ∅ and choose a point in E ′ ∩K i = ∅, and let γ be a geodesic connecting these two points. It follows that {p, q} ∈ N ǫ 1 (γ). Thus, there exist points a and b in γ such that d i (a, p) ≤ ǫ 1 and d i (b, q) ≤ ǫ 1 . Hence a ∈ N ǫ 1 (E) and b ∈ N ǫ 1 (E ′ ). We note that the end points of γ belong toK i . Using quasiconvexity ofK i , we have a, b ∈ N ǫ 0 (K i ). Thus there exists a constant ǫ 2 depending on ǫ 0 and ǫ 1 such that a ∈ N ǫ 2 (E) ∩ N ǫ 2 (K i ) and b ∈ N ǫ 2 (E ′ ) ∩ N ǫ 2 (K i ) (we may choose ǫ 2 = ǫ 0 + ǫ 1 ). Let r ′ = r ′ (ǫ 2 ) be the constant given by Lemma 2.4, with respect to ǫ 2 . It follows that
We are going to verify (3).
Let ρ be the lower bound of the d i -distance for any pair of boundary planes ofM i . We have that
We may need to enlarge the constant R i to make sure that R i is bigger than R + R ρ . Case 2: M H,i is a S 1 -bundle piece.
In this case, we recall that M i = F i × S 1 where F i is a hyperbolic surface with boundary. Then we haveM i =F i ×R and we identifyF i withF i ×{0} ⊂ M i . We state here some facts that will be used in the rest of the proof.
Fact 1: (F i , dF i ) is bilipschitz homeomorphic to a fattened tree (see the paragraph after Lemma 1.1 in [BN08] ). Thus, there exists A 0 > 0 such that the following holds. Let ℓ and ℓ ′ be two distinct boundary lines inF i .
By applying Lemma 2.4 to proj * (π 1 (K i )) and fundamental groups of boundary circles of F i , and using the factF i is a fattened tree, we have the following: There exists a constant δ > 0 such that the following holds. Let E and E ′ be any two distinct boundary planes ofM i such that they have non-empty intersection withK i . Let ℓ and ℓ ′ be two boundary components ofF i such that ℓ ⊂ E and
We are now going to construct a path β satisfying (1). We will use Fact 1 and Fact 2 here. Let α be a geodesic in (M i , d i ) connecting x ∈ E to y ∈ E ′ . Let αF i be the projection of α on the first factorF i ofM i . Let ℓ 0 and ℓ 1 be the boundary components ofF i such that ℓ 0 ⊂ E and ℓ 1 ⊂ E ′ hold respectively. Let [p 0 , p 1 ] be a geodesic of shortest length from ℓ 0 to ℓ 1 . According to the Fact 1, we have [p 0 , p 1 ] ⊂ N A 0 (αF i ). It follows that there exist a, b ∈ αF i such that dF i (p 0 , a) ≤ A 0 and dF
We choose s 0 ∈ R and s 1 ∈ R such that (a, s 0 ) ∈ α and (b, s 1 ) ∈ α. Since E ∩K i and E ′ ∩K i are both union of R-fibers, we have that (u 0 , s 0 ) ∈ E ∩K i and (u 1 , s 1 ) ∈ E ′ ∩K i , while
Let β be a shortest path inK i connecting x ′ = (u 0 , s 0 ) to y ′ = (u 1 , s 1 ). If we choose R i > δ + A 0 , it is easy to see that β satisfies (1). The path α satisfies (2) since it is a geodesic in (M i , d i ). For (3), the proof is done by following the same argument as in the last paragraph in the proof of the lemma in geometrically finite case.
The following lemma describes the metric property of the preimage of K i ⊂ M H,i in its universal cover, in the case that M H,i is a partial fiber piece (that covers a Seifert piece of M ).
Lemma 4.3. Let M H,i be a partial fiber piece of M c H , letM i be its universal cover, and letK i be the preimage of K i inM i . Then there exists a constant R i depending only on M H,i and K i such that the following holds.
Let E and E ′ be two boundary components ofM i that intersect withK i , and let x, y be two points in E and E ′ respectively. Then there exists a path α inM i connecting x and y, and a path β connecting some points x ′ ∈ E and y ′ ∈ E ′ , such that the following holds.
(1) The projection of x ′ and y ′ in the base surface ofM i lie in the projection ofK i . (2) Both x ′ and y ′ are contained in the R i -neighborhood of α (under d i metric).
Remark 4.4. Note that we do not request that β lies inK i , which is different from Lemma 4.2.
Proof. Since M H,i is a partial fiber piece, it follows that ∂(M H,i ) consists of only finitely many cylinder components and (possibly) infinitely many plane components.
Let α be a geodesic in (M i , d i ) connecting x to y. Then α satisfies (3). Let αF i be the projection of α in the base surfacesF i ofM i . Let ℓ 0 and ℓ 1 be the boundary lines ofF i that is contained in E and E ′ respectively. Let [p 0 , p 1 ] be a geodesic of shortest length from ℓ 0 to ℓ 1 . Using Fact 1, we have that [p 0 , p 1 ] ⊂ N A 0 (αF i ). Since we assume that E ∩K i = ∅ and E ′ ∩K i = ∅, it follows that ℓ ∩ proj(K i ) = ∅ and ℓ ′ ∩ proj(K i ) = ∅. Here proj(K i ) is the projection of K i in the base surfaceF i ofM i .
By Fact 2, there are points u 0 ∈ ℓ ∩ proj(K i ) and u 1 ∈ ℓ ′ ∩ proj(K i ), such that d(u 0 , p 0 ) ≤ δ and d(u 1 , p 1 ) ≤ δ. Since [p 0 , p 1 ] ⊂ N A 0 (αF i ), it follows that there exist some point a ∈ αF i and b ∈ αF i such that d i (p 0 , a) ≤ A 0 and d i (p 1 , b) ≤ A 0 . Since αF i is the projection of α toF i ofM i =F i × R, we choose s 0 and s 1 in R such that (a, s 0 ) ∈ α and (b, s 1 ) ∈ α. Let x ′ = (u 0 , s 0 ) and y ′ = (u 1 , s 1 ). We note that x ′ ∈ E and y ′ ∈ E ′ and we have
Thus, x ′ and y ′ lie in the δ + A 0 -neighborhood of α (w.r.t d i -metric), and we take an R i greater than δ + A 0 .
We are going to construct a path β connecting x ′ to y ′ . Let γ : [0, 1] → proj(K i ) be a shortest path in proj(K i ) ⊂F i connecting u 0 to u 1 . Let β : [0, 1] →M i be defined by β(t) = (γ(t), (1 − t)s 0 + ts 1 ). Then the choice of x ′ and y ′ implies that (1) and (2) of the lemma hold. The path β also satisfies (4) by using a similar argument as in the proof of geometrically finite case.
In the rest of this section, we are going to prove Theorem 1.5. The proof of the lower bound part is given in Section 4.3, and the proof of the upper bound part is given in Section 4.4. 4.3. Lower bound of subgroup distortion. In this subsection, we are going to prove f ∆ G H where f is the function defined in Theorem 1.5. We need the following lemma. Remark 4.6. When H is a surface subgroup then Lemma 4.5 is obvious since every finitely generated subgroup of a surface group is quasiconvex.
Proof of Lemma 4.5. We take the pieces of the Scott core K that intersect with S i nontrivially, and paste these pieces only along annuli but not discs. We denote the resulting submanifold of K by K S i . Then the inclusion S i ⊂ K S i is a homotopy equivalence.
LetM be the universal cover of M , letK be the preimage of K inM , and letK S i be one elevation of K S i contained inK. We take a basepoint s 0 ∈ K S i . Let d be the Riemannian metric on M given in Preparation
Step I, and we lift this metric toM and denote it by dM . We denote the induced path metrics onK andK S i by dK and dK S i respectively. To see
Claim: Let κ be the constant given by Preparation Step I. Then dK S i (s 0 , h(s 0 )) ≤ κ 2 dK (s 0 , h(s 0 )) for all h ∈ π 1 (S i , s 0 ).
Let γ be a path of shortest length in (K, dK ) connectings 0 to h(s 0 ). Let α be a maximum subpath of γ not lying inK S i . Since the dual graph of M is a tree and K S i is the union of pieces of K that contains pieces of S i , it follows that α(0) and α(1) belong to the same decomposition plane P ofM . Let β α be the geodesic path in the plane (P, d P ) connecting α(0) to α(1). According to the Preparation Step I, it follows that β α is also a geodesic on P under the restriction of the metric d i on any pieceM i ⊂M that contains P . Since d i is a (3-dimensional) truncated hyperbolic metric or a (2-dimensional) hyperbolic metric cross the circle, we have
Moreover, since β α (0) = α(0) and β α (1) = α(1) lie in a convex set P ∩K, it follows that β α lies in P ∩K. We note that P ∩K is a subset ofK S i , it follows that β α lies inK S i . By replacing every maximum subpath α of γ that does no lie inK S i by the path β α (as defined above), we obtain a new path inK S i connectings 0 to h(s 0 ) whose length is no more than κ 2 |γ| d with respect to the d-metric.
Remark 4.7. The proof of Lemma 4.5 also implies that any vertex subgroup and any subgroup of an edge group of π 1 (M ) is undistorted.
We give a proof for the lower bound part of subgroup distortion in Theorem 1.5.
Proof of Theorem 1.5, lower bound part. Let S 1 , S 2 , · · · , S n be the connected components of the almost fiber surface Φ(H). For each i ∈ {1, · · · , n}, by Lemma 4.5, π 1 (S i ) is undistorted in H. By applying Lemma 2.6 to G ′ = G, K = H, and K ′ = π 1 (S i ), we have that
4.4.
Upper bound of subgroup distortion. In this section, we prove the upper bound part of Theorem 1.5, which is more complicated than the lower bound. The proof consists of two steps of reductions.
First reduction: Now we do the first step for proving the upper bound part of Theorem 1.5: roughly we throw away all K i ⊂ K corresponding to finite cover, S 1 -bundle or geometrically finite pieces of M c H . Let A be the complement of the intersection of K with finite cover, S 1bundle and geometrically finite pieces of M c H . Let A 1 , A 2 , · · · , A l be the components of A, let g be the maximum of {∆ G π 1 (A j ) | j = 1, 2, · · · , l}, and let g be the superadditive closure of g. Then we have:
Remark 4.9. The subgroups π 1 (S i ) in Theorem 1.5 are just proper subgroups of π 1 (A j ). To construct Φ(H), we paste virtual fiber and partial fiber surfaces in pieces of M c H (with nontrivial π 1 ) only along circles. On the other hand, A is a union of Scott cores of pieces of M c H that are virtual fiber pieces, partial fiber pieces, as well as simply-connected pieces that cover Seifert pieces of M . Moreover, we paste these Scott cores along both annuli and discs. Here we paste two Scott cores along a disc if and only if they lie in adjacent partial fiber pieces of M c H . H has only finitely many pieces, we let R be the maximum of the numbers R i chosen above. We can assume that R > 1. Let κ > 1 be the constant given by the end of Preparation Step I. Let ρ > 0 be the lower bound of the d-distance for any pair of distinct edge spaces inM .
We are going to prove that max {dK (x, y) | x, y ∈K and dM (x, y) ≤ n} g(n)
We briefly describe here the idea of the proof. For any x, y ∈K with dM (x, y) ≤ n, we are going to construct a path γ ′′′ inM from x to y, such that |γ ′′′ | is bounded above by a linear function of n (depends only on ρ, R, κ). Moreover, γ ′′′ can be written as a concatenation of finitely many subpaths, such that each subpath either lies inK or homotopy to a path in the preimage of ∪ l j=1 A j (relative to its boundary). We then use the same argument as in [Ngu18a] to conclude that max {dK (x, y) | x, y ∈K and dM (x, y) ≤ n} g(n).
Without loss of generality, since K is compact, we assume both x and y lie in edge spaces ofM . Let γ ′ be a shortest geodesic in (M , d) connecting x and y, then |γ ′ | ≤ n. As in [HN19] and [Ngu18a] , we can replace γ ′ by γ, such that γ is transverse to edge spaces ofM , it intersects with each edge space ofM at most once, and |γ| ≤ κ 2 |γ ′ | ≤ κ 2 n.
Let y 0 = x, y k = y, and let y 1 , y 2 , · · · , y k−1 be the other intersection points between γ and edge spaces ofM , and we denote these edge spaces by E 1 , E 2 , · · · E k−1 , with y i ∈ E i . Let γ i be the subpath of γ from y i−1 to y i , and letM i be the piece ofM that contains γ i . By the choice of ρ, we have ρk ≤ |γ| ≤ κ 2 n, and k ≤ κ 2 ρ n. For each γ i , if it lies in a piece ofM that covers a finite cover piece of M c H , then it is completely contained inK. If γ i lies in a pieceM i ⊂M that covers a S 1 -bundle or a geometrically finite piece of M c H , we modify γ i as the following.
We apply Lemma 4.2 to the two endpoints of γ i (y i−1 and y i ) and get the following two paths (we refer the reader to Figure 1 for a schematic picture): a path α i connecting y i−1 and y i , and a path β i inK i connecting points z ′ i−1 ∈ E i−1 and z i ∈ E i , such that the following holds:
. Then we get a concatenation of paths ξ i−1 β i ξ ′ i that is homotopic to γ i , where ξ i−1 is the geodesic path in E i−1 from y i−1 to z ′ i−1 , and ξ ′ i is the geodesic path in E i from z i to y i . By the choice of d i -metric, for any two points in the same boundary component of M i , the shortest path in M i (under the d i -metric) between these two points still lie in this boundary component.
Let {γ i 0 , γ i 1 , · · · , γ is } be the collection of all subpaths γ i of γ where each γ i lies in a piece that covers a S 1 -bundle or a geometrically finite piece of M c H . Let γ ′′ be the path obtained by replacing each γ i j (with j = 1, · · · , s) by Indeed, let j be an element in {i 0 , i 1 , · · · , i s }. Using (1), (2), and (3)
We recall that the relation between the metrics d and d j is discussed in Preparation Step I. We have
Since the sum of lengths of the subpaths in the complement of ξ j−1 β j ξ ′ j (in γ ′′ ) is no more than |γ| that is less than κ 2 n, it follows that |γ ′′ | ≤ κ 2 n + 4κ 4 R 2 n/ρ + 3κ 4 R 2 n = (κ 2 + 4κ 4 R 2 /ρ + 3κ 4 R 2 )n Let J(x) = (κ 2 + 4κ 4 R 2 /ρ + 3κ 4 R 2 )x, the claim is confirmed.
We recall that each β i j (with j ∈ {1, · · · , s}) is contained inM i j , and β i j ⊂K also holds. WheneverM i j andM it are adjacent with i t = i j + 1, and we did the above path modification for both γ i j and γ it , we replace the subpath ξ ′ i j · ξ i j of γ ′′ by the geodesic ζ i j = [z i j , z ′ i j ] in the plane E i j connecting z i j to z ′ i j . We note that z i j and z ′ i j lie inK since they are endpoints of β i j ⊂K and β it ⊂K respectively. By convexity ofK ∩ E i j , the geodesic ζ i j in E i j must lie inK. Moreover, by the triangle inequality we have
so the length of the new path γ ′′′ is no more than the length of γ ′′ that is bounded above by the linear function J(n). Thus, we obtain a new path γ ′′′ who can be written as a concatenation of finitely many subpaths, such that each subpath either lies inK (β i j 's, ξ i j 's and subpaths of γ ′′′ lying in finite cover pieces) or homotopy to a path in one elevation of some A j relative to boundary (the complement of above subpaths). For each subpath γ j in the second possibility, its two end points can be connected by a path γ ′ j in an elevation of some A j with |γ ′ j | ≤ ∆ π 1 (M ) π 1 (A j ) (|γ j |). By the same argument as in [Ngu18a] , the proof is done.
Second reduction:
The subset A obtained in the step I is a union of Scott cores of virtual fiber pieces and partial fiber pieces (including those pieces with trivial or infinitely cyclic fundamental groups) of M c H , pasting along annuli and discs. Moreover, A is homeomorphic to a surface cross the interval, and this surface is obtained by pasting its vertex pieces along circles and arcs. The almost fiber surface Φ(H) is naturally a subsurface of the above surface, obtained by pasting those pieces with non-cyclic fundamental groups along circles. In this step, we prove that the subgroup distortion of components of A are determined by the corresponding components of Φ(H). By construction, each component of Φ(H) ′ either deformation retracts to a component of Φ(H), or is a disc, or is an annulus. In the third case, the annulus subgroup is either geometrically finite in a hyperbolic piece of π 1 (M ), or is horizontal in a Seifert piece of π 1 (M ), so it is undistorted in the vertex subgroup. By Remark 4.7, any vertex subgroup is undistorted in π 1 (M ), so the annulus subgroup is undistorted in π 1 (M ). In conclusion, the f defined for Φ(H) ′ is equivalent to the f defined for Φ(H). So we only need to compare the distortions of π 1 (A) and π 1 (Φ(H) ′ ), and we will abuse notation to still denote Φ(H) ′ by Φ(H).
For simplicity, we assume that A has only one component. Let S 1 , · · · , S m be the components of Φ(H) with Φ(H) = ∪ m i=1 S i . For each i, let B i be the union of pieces of A that intersects with S i nontrivially, then each B i is homeomorphic to S i × I, and A can be obtained by pasting {B i } m i=1 along discs. Since the inclusion S i ⊂ B i is a homotopy equivalence, we only need to bound the distortion of π 1 (A) by the distortions of
, and let h be its superadditive closure, then we prove the following result. We briefly describe here the idea of the proof. For any x, y ∈Ã with dM (x, y) ≤ n, we will construct a path γ ′′′ inM connecting x to y such that the following holds: the path γ ′′′ can be written as a concatenation of subpaths, such that each subpath connects two points in an elevation of B i for some i. Moreover, there exists a linear function F (n) (only depends on D, R, κ and ρ) such that |γ ′′′ | is bounded above by F (n).
Since A is compact, we can assume both x and y lie in edge spaces of M . Let γ ′ be the shortest path in (M , d) connecting x and y, then |γ ′ | ≤ n. As in the proof of Proposition 4.8, we can replace γ ′ by γ such that it is transverse to edge spaces ofM , it intersects with each edge space ofM only once, and |γ| ≤ κ 2 |γ ′ | ≤ κ 2 n.
Instead of taking the intersection of γ with all edge spaces inM , we take the intersection of γ with all edge spaces inM that are mapped to plane edge spaces of M H . By adding x and y to these points, we get y 0 = x, y 1 , · · · , y k−1 , y k = y such that y i lies in an edge space E i ⊂M . As in the proof of Proposition 4.8, k ≤ κ 2 ρ n holds. Let γ i be the subpath of γ from y i−1 to y i , then γ is a concatenation of γ i : γ = γ 1 · · · γ k .
These γ i 's are important in this proof, since each γ i is homotopy to a path in an elevation of some B j , such that the homotopy process keep the two endpoints of γ i lying in E i−1 and E i respectively. Moreover, each γ i is a concatenation of a few (possibly one) subpaths such that each such subpath lies in a piece ofM properly. We call the first subpath the initial path of γ i and call the last one the terminal path of γ i (they might be same with each other).
For any i ∈ {1, · · · , k − 1}, since A is constructed by pasting Scott cores of virtual fiber and partial fiber pieces of M H together (including simply connected pieces), for the two pieces ofM adjacent to E i , both of them cover partial fiber pieces in M H and Seifert pieces in M . So there are two lifted fibering structures on the plane E i , one is from the piece ofM that contains the terminal path of γ i (called left fibration), and the other one is from the piece ofM that contains the initial path of γ i+1 (called right fibration). These two fibering structures on E i both consist of geodesic lines as leaves and they are distinct from each other.
In the following, we modify the γ i by two steps, such that its initial and terminal points lie inÃ. We recall that it is possible that two planes E i−1 and E i may not lie in the same piece ofM .
Step I: The first step is similar to the modification process in the proof of Proposition 4.8. Instead of applying Lemma 4.2 to (some) γ i as in Proposition 4.8, we apply Lemma 4.3 to the initial and terminal paths of γ i , except the initial path of γ 1 and the terminal path of γ k .
More precisely, for each i ∈ {1, · · · , k − 1}, let γ ini i and γ ter i be the initial and terminal paths of γ i respectively (it is possible that γ ini i = γ ter i ). We apply Lemma 4.3 to γ ini i and γ ter i to get β ini i and β ter i respectively (except γ ini 1 and γ ter k ). Note that γ ini i and β ini i have different end points, and the same for γ ter i and β ter i . By concatenating with geodesic paths in edge spaces ofM , we get δ ini i β ini i η ini i in the same piece ofM as γ ini i and they have the same endpoints. Similarly, we get δ ter i β ter i η ter i for γ ter i . Moreover, we delete the initial and terminal paths of γ i to getγ i (which might be empty).
In this way, we replace the old path γ = γ 1 · · · γ k by a new path (γ ini 1 )γ 1 (δ ter 1 β ter 1 η ter 1 )(δ ini 2 β ini 2 η ini 2 )γ 2 (δ ter 2 β ter 2 η ter 2 ) · · · (δ ini k β ini k η ini k )γ k (γ ter k ) Note that it is possible thatγ i is the empty path. In this case, it is possible that δ ini i β ini i η ini i and δ ter i β ter i η ter i are the same path, and we only have one of them in the above concatenation.
Since both η ter i−1 and δ ini i lie in the same edge space E i ⊂M (that contains y i ), we can replace the concatenation η ter i−1 δ ini i by the geodesic ζ i in E i with the same endpoints: from z i to z ′ i . Now we denote the concatenation β ini i η ini iγ i δ ter i β ter i by ξ i (its definition is slightly different for ξ 1 and ξ k ), and get our new path γ ′′ :
The new path γ ′′ has the following properties:
(1) γ and γ ′′ have the same initial and terminal points inÃ.
(2) |γ ′′ | ≤ J(n) where J(n) = (κ 2 + 4κ 4 R 2 /ρ + 3κ 4 R 2 )n is the linear function given by the proof of Proposition 4.8. (Apply Lemma 4.3 instead of Lemma 4.2.) (3) Each ζ i is contained in the edge space E i ⊂M that contains y i , and it is a geodesic in E i . (4) Let ← − ℓ i be the leaf of the left fibration in E i going through z i , and let − → ℓ i be the leaf of the right fibration in E i going through z ′ i , then both ← − ℓ i and − → ℓ i intersect withÃ. Here condition (4) uses Lemma 4.3 condition (1), which is important in the following Step II.
We note that if each ζ i intersects withÃ nontrivially, then our proof is done. We can rewrite γ ′′ as another concatenation of paths, by splitting ζ i into two subpaths and fusing them with ξ i and ξ i+1 . Then for each subpath in this new concatenation, it connects two points in the same elevation of B i for some i. Then we can take γ ′′′ to be this new concatenation.
Step II: In general, ζ i may not intersect withÃ as we wish, and we will use Euclidean geometry to show that its distance fromÃ in E i is bounded.
For each decomposition torus T ⊂ M that is adjacent to two Seifert pieces, it has two distinct induced fibrations consist of geodesic leaves, and let c T be the angle between these two fibrations, with respect to the d-metric. Since M has finitely many decomposition tori, there exists c > 0 such that c < c T < π − c for all T .
Let d E i be the restriction of d on E i , then we prove that:
Let o i be the intersection point of ← − ℓ i and − → ℓ i in E i (it exists since ← − ℓ i and − → ℓ i are not parallel), let x i be one intersection point of ← − ℓ i andÃ ∩ E i , and let
This Euclidean picture is shown in Figure 2 .
Since E i has an induced flat metric, we can apply Euclidean geometry on it. By the sine law, we have
So we can modify the above γ ′′ by adding the shortest geodesic in E i from ζ i toÃ ∩ E i and its inverse, to get a new path γ ′′′ .
Since γ ′′ contains all ζ i as subpaths, we have k−1 i=1 |ζ i | ≤ |γ ′′ |. So the length of γ ′′′ is bounded by a linear function on n, by the following estimate:
Moreover, γ ′′′ can be rewritten as a concatenation of subpaths, such that each subpath connects two points in an elevation of B i for some i.
Then the proof is done by following the same argument as in [Ngu18a] . Now we are ready to prove the upper bound part of Theorem 1.5.
Proof of Theorem 1.5, upper bound part. We delete those finite cover, S 1bundle and geometrically finite pieces of K, denote their complement by A, and denote the components of A by A 1 , · · · , A l . For each A i , let S i1 , · · · , S im i be the components of Φ(H) that are contained in A i . Then we have
By Proposition 4.8, for any n ∈ Z + , there exists i 1 , · · · , i k ∈ {1, · · · , l} and n 1 , · · · , n k ∈ Z + such that n 1 + · · · + n k = n and
Then by Proposition 4.10, (after replacing Φ(H) by Φ(H) ′ , which does not affect the distortions) for each s ∈ {1, · · · , k}, there exists j s1 , · · · , j sls ∈ {1, · · · , m is } and m s1 , · · · , m sls ∈ Z + such that m s1 + · · · + m sls = n s and
Since k s=1 ( ls t=1 m st ) = k s=1 n s = n, we get ∆ G H (n) max{∆ G π 1 (S i ) | S i is a component of Φ(H)}(n), where the overline means the superadditive closure. So the proof is done.
Distortion of finitely generated subgroups in 3-manifold groups
In this section, we are going to prove Theorem 1.4 and Theorem 1.3. Let f be the function given by Theorem 1.5. If Φ(H) is empty then we use the convention that f (n) = 0. Since the zero function is equivalent to a linear function by Definition 2.1, it follows that ∆ is linear.
We now assume that Φ(H) is non-empty. We recall that Φ(H) is a subsurface of M H , and it is possible that Φ(H) is disconnected. By Theorem 1.5, it suffices to compute the distortion of each component S i of Φ(H) in M . Note that by our modified definition of almost fiber surface (Definition 3.4), each S i does not contain any annulus piece.
We recall that each S i is a union of virtual fiber surfaces and partial fiber surfaces along circles. Each partial fiber surface B j contained in S i is mapped into a piece M H,j of M H . Note that some boundary components of B j are mapped to the boundary of M H,j , and some boundary components of B j are mapped to the interior of M H,j . However, only those boundary components of B j that are mapped to the boundary of M H,j are important for the generalized spirality character (see Section 3.3 in [Sun18] ) and subgroup distortion. We remark here that it is possible that the surface S i is not a clean surface as defined in [Ngu18a] , since B j may not be a proper subsurface in the corresponding piece of M (c.f. Definition 3.8 (1) of [Ngu18a] ). Although the main theorem in [Ngu18a] (Theorem 1.2) is stated for clean surfaces, the proof of the main theorem in [Ngu18a] still holds for the surface S i . Thus, we have the following:
(a) If S i contains a geometrically infinite piece and For the rest of this section, we are going to prove Proposition 1.2 and Theorem 1.3.
We first need several lemmas to compute subgroup distortion of 3-manifolds with Sol and SL(2, R) geometries. The subgroup distortion in these two cases should be well-known for experts, but we can not find the literature on it.
The following elementary lemma is useful for the proofs of both of the geometries.
Lemma 5.1. Let G and H be finitely generated groups with generating sets A and B respectively. Let φ : G → H be a homomorphism. Then there exists a positive number L such that φ(g) B ≤ L|g| A for all g in G.
Proof. Suppose that A = {g 1 , g 2 , . . . , g n } we define L = max |φ(g i )| B i = 1, 2, . . . , n . Since φ is a homomorphism, it is not hard to see that φ(g) B ≤ L|g| A for all g ∈ G.
Lemma 5.2 (Subgroup distortion for Sol 3-manifolds). Suppose that a 3manifold M has geometric structure modelled on Sol. We assume that M is a torus bundle with Anosov monodromy (by passing to a double cover). Let H be a finitely generated subgroup of π 1 (M ). Then the distortion of H in π 1 (M ) is exponential if H is an infinite subgroup in the fiber subgroup Z 2 of π 1 (M ), and it is linear otherwise.
Proof. By taking a double cover if necessary, we can assume that M is a torus bundle with Anosov monodromy. Then G = π 1 (M ) is the semi-direct product Z 2 ⋊ φ Z where φ ∈ GL 2 (Z) is the matrix corresponding to the monodromy. We note that Z is undistorted in G and Z 2 is exponentially distorted in G.
Let M H → M be the covering space corresponding to H. The bundle structure on M induces a bundle structure on M H that is either a bundle over the circle or a bundle over the line. 
Case 2.3: Σ H is the cylinder. Then H = π 1 (M ) is an infinite cyclic group contained in the Z 2 subgroup of G = Z 2 ⋊ φ Z. We will show that H is exponentially distorted in G. Indeed, the universal cover M = R 3 of M has the Sol metric defined by ds 2 = dx 2 e 2z + e 2z dy 2 + dz 2 . We recall that any point on the x axis of distance n from the origin can be connected to the origin via a geodesic in the hyperbolic plane in the x and z direction (with positive z-coordinate), such that the length of this geodesic is approximated ln(n). Similarly for the y-axis, but the geodesic travels down instead up. Let H be generated by b ∈ Z 2 . For any n ∈ N, we can connect the origin and nb by two geodesics as above (one travels up and the other travels down) with length approximate |b| ln(n). Thus, H is exponentially distorted in G.
The next proposition takes care of 3-manifolds with the SL(2, R)-geometry.
Proposition 5.3. Let M → Σ be a circle bundle over a compact, connected, orientable surface Σ with χ(Σ) < 0. Let H be a finitely generated subgroup of G = π 1 (M ), then H is undistorted in G.
To prove Proposition 5.3, we need a few lemmas. The first lemma is well-known. The proof for the case of closed surfaces can be seen in Proposition 2 page 171 in [NR93] . The proof for the case of surfaces with nonempty boundary is a corollary of Marshall Hall's Theorem.
Lemma 5.4. Let S be a compact, connected, orientable surface with χ(S) < 0. Then every finitely generated subgroup of π 1 (S) is quasiconvex. In particular, this subgroup is undistorted in π 1 (S).
Lemma 5.5. Let S 1 → M → Σ be a circle bundle over a compact, connected, orientable surface Σ with χ(Σ) < 0. Let
be the short exact sequence associated to the circle bundle where K is the normal cyclic subgroup of π 1 (M ) generated by a regular fiber. Then K is undistorted in π 1 (M ).
Proof. Passing to finite cover if necessary, we only need to consider two cases:
Case 1: π 1 (M ) is the product π 1 (Σ) × K. It is obvious that K is undistorted in π 1 (M ).
Case 2: The short exact sequence does not split, and thus M has a geometry modelled on SL(2, R) that is an R-bundle over H 2 . It is shown in [Rie93] that there is a bi-lipschitz map from the unit tangent bundle U T (H 2 ) = H 2 × S 1 of the hyperbolic plane to H 2 × S 1 that maps circles to circles. By lifting to the universal cover, we have a quasi-isometry from SL 2 → H 2 × R mapping lines to lines. Since subgroup distortion is invariant under quasi-isometry of pairs (see Definition 2.3 in [Ngu18b] ), and the R in H 2 × R is undistorted in H 2 × R, it follows that the R in SL 2 is undistorted. Thus, K is undistorted in π 1 (M ).
Lemma 5.6. Let G and G ′ be two finitely generated groups. Let H and H ′ be two finitely generated subgroups of G and G ′ respectively. Suppose that H ′ is undistorted in G ′ , and ϕ : G → G ′ is a surjective homomorphism such that ϕ |H : H → H ′ is an isomorphism. Then H is undistorted in G.
Proof. Fix generating sets of G and G ′ . Let L be the constant given by Lemma 5.1 with respect to the homomorphism ϕ : G → G ′ . Let A be a finite generating set of H ′ . Let S = (ϕ| H ) −1 (A), it follows that S is a finite generating set of H. For any n ∈ N, let h be an arbitrary element of H such that |h| G ≤ n. By Lemma 5.1, we have
It is well-known that finitely generated subgroups in Nil 3-manifolds are either linearly distorted or quadratically distorted (see [Osin01] ). The purpose of the following lemma is to give a geometric description for determining which subgroups give linear and quadratic distortion.
Lemma 5.7 (Subgroup distortion for Nil 3-manifolds). Suppose that a 3manifold M has geometric structure modelled on Nil. We assume that M is a circle bundle over torus (by passing to a finite cover). Let H be a finitely generated subgroup of π 1 (M ). Then the distortion of H in π 1 (M ) is quadratic if and only if H has infinite index in π 1 (M ) and H intersects with the fiber subgroup nontrivially. Otherwise, the distorion is linear.
Proof. By taking a finite cover, we can assume that M is an orientable circle bundle over the torus T 2 . We have the short exact sequence
We note that the subgroup Z is quadratically distorted in π 1 (M ). To see this, we write a presentation of π 1 (M ) as k, a, b|[a, k] = 1, [b, k] = 1, [a, b] = k e where e ∈ Z − {0} is the Euler number of the bundle and the Z subgroup is generated by k. It is easy to see that Z is quadratically distorted in π 1 (M ) (for example, see Section 3.0.4 in [Sisto] ). If H has finite index in π 1 (M ) then H is undistorted in π 1 (M ). In the rest of the proof, we will assume that H has infinite index in π 1 (M ). Let M H → M be the covering space corresponding to the subgroup H < π 1 (M ). The foliation into circles of f : M → T 2 lifts to a foliation into circles or lines in M H , with base surface Σ H . We note that π 1 (Σ H ) is undistorted in Z 2 since Z 2 is abelian (for example, see Proposition 8.98 in [DK18] ). We consider the following cases: Case 1: M H foliates in lines. It follows that H ∼ = π 1 (Σ H ) and the restriction of the surjection f * : π 1 (M ) → π 1 (T 2 ) to H is an isomorphism from H to π 1 (Σ H ). Applying Lemma 5.6 to ϕ = f * , we have H is undistorted in π 1 (M ).
Case 2: M H foliates in circles. We have a short exact sequence
where K is the cyclic subroup of π 1 (M H ) generated by a regular fiber of M H . We note that Σ H is either a cylinder or plane (Σ H could not be a torus since H has infinite index in π 1 (M )). If Σ H is a plane, then K ∼ = H. Since the Z in π 1 (M ) is quadratically distorted and K is a finite index subgroup of Z, it follows that K is quadratically distorted in π 1 (M ), and so does H. If Σ H is a cylinder, then by taking a finite index subgroup, we can assume that H is the product K × π 1 (Σ H ). We note that K is undistored in H and K is quadratically distorted in π 1 (M ). It follows that
By [Osin01] , ∆ π 1 (M ) H n 2 holds, so we have n 2 ∼ ∆ π 1 (M ) H . quasiconvex in (G, P). According to Theorem 10.5 in [Hru10] , the distortion function ∆ G H equals the superadditive closure of the subgroup distortions of these finitely generated subgroups H i = H ∩ g i G j i g −1 i < G j i . In other words, for the purpose of computing subgroup distortion, we only need to focus on the case where the manifold M is compact, connected, orientable, irreducible, and ∂-irreducible.
For the rest, we will assume that M is compact, orientable, irreducible 3-manifold. We are going to show the distortion of a finitely generated subgroup H of π 1 (M ) is either linear, quadratic, exponential or double exponential. Once this claim is established, we can conclude that the only possibility for subgroup distortion of finitely generated 3-manifold groups is linear, quadratic, exponential and double exponential.
Case 1: M has nontrivial torus decomposition. Case 1.1: M supports the Sol geometry. In this case, the distortion of H in π 1 (M ) is either linear or exponential by Lemma 5.2. Case 1.2: M does not support the Sol geometry.
We first reduce to the case that M has empty or tori boundary. Suppose that M has a boundary component of genus at least 2, by the proof in Section 6.3 of [Sun18], we can paste hyperbolic 3-manifolds with totally geodesic boundaries to M to get a 3-manifold N with empty or tori boundary. The new manifold N satisfies the following properies:
(1) M is a submanifold of N with incompressible boundary.
(2) The torus decomposition of M also gives the torus decomposition of N .
(3) Each piece of M with a boundary component of genus at least 2 is contained in a hyperbolic piece of N .
So we have a sequence of subgroups H < π 1 (M ) < π 1 (N ). Let N M be the covering space of N corresponding to π 1 (M ) < π 1 (N ), then N M has neither virtual fiber nor partial fiber pieces, since it only consists of finite cover pieces, geometrically finite pieces and simply connected pieces. Since N has empty or tori boundary, Theorem 1.4 implies that π 1 (M ) is undistorted in π 1 (N ). Then by a standard argument on distortions, we have that ∆ π 1 (M ) H ∼ ∆ π 1 (N ) H holds. Then by applying Theorem 1.4 to H < π 1 (N ), we have that ∆ π 1 (M ) H ∼ ∆ π 1 (N ) H can only be linear, quadratic, exponential or double exponential.
The distortion of a finitely generated subgroup H in the fundamental group of a compact orientable irreducible 3-manifold with empty or tori boundary and nontrivial torus decomposition has been addressed in Theorem 1.4, and the only possibility of the distortion is linear, quadratic, exponential, and double exponential.
Case 2: M has trivial torus decomposition. Case 2.1: M has empty or tori boundary. In this case, M has a geometric structure modelled on seven of the eight geometries: S 3 , R 3 , S 2 × R, H 3 , N il, H 2 × R, SL(2, R). The distortion of H in π 1 (M ) is addressed in Proposition 1.2.
Case 2.2: M has a higher genus boundary. Then M supports a geometrically finite hyperbolic structure with infinite volume. This case follows from a similar filling argument as in case 1.2: we paste hyperbolic 3-manifolds with totally geodesic boundaries to M to get a finite volume hyperbolic 3manifold N . If H < π 1 (N ) has finite index, then the distortion ∆ π 1 (M ) H is linear. Otherwise, in the sequence of subgroups H < π 1 (M ) < π 1 (N ), each group is an infinite index subgroup of the following one. Then H must be a geometrically finite subgroup of π 1 (N ). So ∆ π 1 (N ) H must be linear, and so does ∆ π 1 (M ) H (by Lemma 2.6).
